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Abstract
Let G be a locally compact Hausdorff group. We study orbit spaces of equivariant absolute
neighborhood extensors (G-ANE’s) in the category of all proper G-spaces that are metrizable by a G-
invariant metric. We prove that if a proper G-space X is a G-ANE (respectively, a G-ANE(n), n 0),
and H a closed normal subgroup of G such that all the H -orbits in X are metrizable, then the H -orbit
space X/H is a G/H -ANE (respectively, a G/H -ANE(n)). Other related results are also established.
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1. Introduction
This paper is continuation of our paper [12]. Its main purpose is to prove the following
Theorem 1.1 (Orbit space theorem). Let G be a locally compact Hausdorff group, H
a closed normal subgroup of G, and X a proper G-space such that all the H -orbits in X
are metrizable.
(1) If X is a G-ANE, then the H -orbit space X/H is a G/H -ANE.
(2) If X is a G-ANE(n), n 0, then the H -orbit space X/H is a G/H -ANE(n).
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or H are metrizable (see Remark 3.10).
This theorem is the most general result about preservation of equivariant extension
properties by the orbit space functor. The particular case of the first assertion for H = G,
was proved in [12, Theorem 6.4]. The case of an almost connected acting group G and a
phase space X with paracompact orbit space X/G, was handled in [7] (see Section 4). The
very first orbit space theorem was established in [4] for the actions of compact metrizable
groups on metrizable spaces. Recently, this result was widely applied in the study of the
topology of the Banach–Mazur compacta (see [6,8,10]). Other applications can be found
in [4,13,25].
All the notions involved in Theorem 1.1 are defined in the next section. The proof of
Theorem 1.1 will be given in Section 3.
2. Preliminaries
Throughout the paper the letter G will denote a locally compact Hausdorff group unless
otherwise is stated; by e we shall denote the unity of G.
All topological spaces and topological groups are assumed to be Tychonoff (= com-
pletely regular and Hausdorff). The basic ideas and facts of the theory of G-spaces or
topological transformation groups can be found in Bredon [15] and in Palais [23]. Our ba-
sic references on proper group actions are Koszul [20], Palais [24] and Abels [1,2]. For the
equivariant theory of retracts the reader can see, for instance, [3,4].
For the convenience of the reader we recall, however, some more special definitions and
facts.
By a G-space we mean a triple (G,X,α), where X is a topological space and α :G ×
X → X a continuous action of the group G on X. If Y is another G-space, a continuous
map f :X → Y is called a G-map or an equivariant map, if f (gx) = gf (x) for every x ∈ X
and g ∈ G.
If X is a G-space and H a subgroup of G then, for a subset S ⊂ X, H(S) denotes the
H -saturation of S, i.e., H(S)= {hs | h ∈ H, s ∈ S}. In particular, H(x) denotes the H -orbit
{hx ∈ X | h ∈ H } of x. The quotient space of all H -orbits is called the H -orbit space and
denoted by X/H .
If H(S) = S, then S is said to be an H -invariant set. A G-invariant set will simply be
called an invariant set.
For a closed subgroup H ⊂ G, by G/H we will denote the G-space of cosets {gH | g ∈
G} under the action induced by left translations.
If X is a G-space and H a closed normal subgroup of G, then the H -orbit space X/H
will always be regarded as a G/H -space endowed with the following action of the group
G/H : (gH) ∗ H(x) = H(gx), where gH ∈ G/H, H(x) ∈ X/H .
For any x ∈ X, the subgroup Gx = {g ∈ G | gx = x} of G is called the stabilizer (or
stationary subgroup) at x.
A compatible metric ρ on a G-space X is called invariant or G-invariant, if ρ(gx,gy) =
ρ(x, y) for all g ∈ G and x, y ∈ X.
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ponents of G is compact. Such a group has a maximal compact subgroup K , i.e., every
compact subgroup of G is conjugate to a subgroup of K [1]. The corresponding classical
theorem on Lie groups can be found in [18, Chapter XV, Theorem 3.1].
Let X be a G-space. Two subsets U and V in X are called thin relative to each other
[24, Definition 1.1.1], if the set 〈U,V 〉 = {g ∈ G | gU ∩V = ∅} has compact closure in G.
A subset U of a G-space X is called small, if every point in X has a neighborhood thin
relative to U . A G-space X is called proper (in the sense of Palais), if every point in X has
a small neighborhood.
Clearly, if G is compact, then every G-space is proper. In the case when G is discrete
and X is locally compact, the notion of a proper action is the same as the classical notion
of a properly discontinuous action. When G = R, the additive group of the reals, proper
G-spaces are precisely the dispersive dynamical systems with regular orbit space (see [14,
Chapter IV]).
Each orbit in a proper G-space is closed, and each stabilizer is compact [24, Proposi-
tion 1.1.4]. Furthermore, if G acts properly on a compact space, then G has to be compact
as well.
Important examples of proper G-spaces are the coset spaces G/H with H a compact
subgroup of a locally compact group G. Other interesting examples the reader can find
in [1,2,6,17,19,20].
In the present paper we are especially interested in the class G-M of all metrizable
proper G-spaces that admit a compatible G-invariant metric. It is well known that, for G
a compact group, the class G-M coincides with the class of all metrizable G-spaces (see
[23, Proposition 1.1.12]). A fundamental result of Palais [24, Theorem 4.3.4], states that
if G is a Lie group, then G-M includes all separable, metrizable proper G-spaces. The
question of whether the separability can be omitted in this Palais’ result, still remains open
(even for G = R and G = Z). We refer to [11] for a further discussion of this problem.
Given a non-negative integer n, we will denote by G-M(n) the subclass of G-M that
consists of all G-spaces X ∈ G-M with dimX/G n, where dim stands for the covering
dimension.
Another important subclass of G-M constitute the twisted products G ×K S, where G
is a locally compact metrizable group, K a compact subgroup of G, and S a metrizable
K-space (see [9, Lemma 1.1]). It is known from [1] that if G is almost connected, then
each X ∈ G-M has the form G×K S, where K is a maximal compact subgroup of G, and
S is a K-space.
Let us recall the definition of a twisted product G/H ×K S, where H is a closed nor-
mal subgroup of G, K any closed subgroup of G, and S a K-space. G/H ×K S is the
orbit space of the K-space G/H × S, where K acts on the Cartesian product G/H × S
by k(gH, s) = (gk−1H,ks). Furthermore, there is a natural action of G on G/H ×K S
given by g′[gH, s] = [g′gH, s], where g′ ∈ G and [gH, s] denotes the K-orbit of the point
(gH, s) in G/H × S. The twisted products of the form G×K S (i.e., when H is the trivial
subgroup of G) are of a particular interest in the theory of transformation groups (see [15,
Chapter II, §2]).
A G-space Y is called an equivariant neighborhood extensor for a given G-space X
(notation: Y ∈ G-ANE(X)) if, for any closed invariant subset A ⊂ X and any G-map
S. Antonyan / Topology and its Applications 153 (2005) 698–709 701f :A → Y , there exist an invariant neighborhood U of A in X and a G-map ψ :U → Y
such that ψ |A = f . If, in addition, one can always take U = X, then we say that Y is an
equivariant extensor for X (notation: Y ∈ G-AE(X)). The map ψ is called a G-extension
of f .
A G-space Y is called an equivariant absolute neighborhood extensor for the class
G-M (notation: Y ∈ G-ANE), if Y ∈ G-ANE(X) for any X ∈ G-M. Respectively, if Y ∈
G-ANE(X) for any X ∈ G-M(n), n 0, then we say that Y is a G-ANE(n).
Similarly, if Y ∈ G-AE(X) for any X ∈ G-M, then Y is called an equivariant absolute
extensor for the class G-M (notation: Y ∈ G-AE). Respectively, if Y ∈ G-AE(X) for any
X ∈ G-M(n), n 0, then we say that Y is a G-AE(n).
Let us recall the well-known definition of a slice [24, p. 305]:
Definition 2.1. Let X be a G-space and H a closed subgroup of G. An H -invariant subset
S ⊂ X is called an H -slice in X, if G(S) is open in X and there exists a G-equivariant map
f :G(S) → G/H such that S=f −1(eH). The saturation G(S) is called a tubular set.
If G(S) = X, then we say that S is a global H -slice of X.
Lemma 2.2 [1]. Let H be a compact subgroup of G, X a proper G-space, and f :X →
G/H a G-map. Let S = f −1(eH). Then the map ξ :G×H S → X defined by ξ([g, s]) = gs
is a G-homeomorphism, and ξf = p, where the G-map p :G ×H S → G/H is given by
p([g, s]) = gH for any [g, s] ∈ G ×H S.
In the sequel we shall need more auxiliary notions and facts.
Definition 2.3 [5,7]. A closed subgroup H ⊂ G is called a large subgroup, if there exists
a closed normal subgroup N ⊂ G such that N ⊂ H and G/N is a Lie group.
Proposition 2.4 [12]. For a closed subgroup H ⊂ G, the following conditions are equiva-
lent:
(1) H is a large subgroup.
(2) G/H is a metrizable G-ANE.
(3) G/H is locally contractible.
Lemma 2.5. Let H be a large subgroup of G. Assume that A is a closed invariant subset
of a G-space X ∈ G-M, and S is a global H -slice of A. Then there exists an H -slice S˜ in
X such that S˜ ∩ A = S.
Proof. Let f :A → G/H be a G-map with f −1(eH) = S. By Proposition 2.4(2), there
exists a G-extension F :U → G/H over an invariant neighborhood U of A in X. It is easy
to see that the preimage S˜ = F−1(eH) is the desired H -slice. 
Theorem 2.6 [12]. Let X be a proper G-space and x ∈ X. Then, for any neighborhood O
of x in X, there exist a compact large subgroup K of G with Gx ⊂ K , and a K-slice S
such that x ∈ S ⊂ O .
702 S. Antonyan / Topology and its Applications 153 (2005) 698–709Theorem 2.7 [7]. Let G be a compact group and H a closed normal subgroup of G.
Suppose X is a G-space such that all the H -orbits in X are metrizable.
(1) If X is a G-ANE (respectively, a G-AE), then the H -orbit space X/H is a G/H -ANE
(respectively, a G/H -AE).
(2) If X is a G-ANE(n) (respectively, a G-AE(n)), n 0, then the H -orbit space X/H is
a G/H -ANE(n) (respectively, a G/H -AE(n)).
We refer to [7, Theorem 1] for the details.
Theorem 2.8 [12]. Let Z ∈ G-M. If a G-space Y is the union of a family of invariant open
G-ANE(Z) subsets Yµ ⊂ Y , µ ∈M, then Y is a G-ANE(Z).
3. Orbit spaces of proper G-ANE’s
In this section we will prove Theorem 1.1, which just extends Theorem 2.7 to the case
of arbitrary locally compact proper group actions. We give a sequence of propositions and
lemmas culminating in a proof of the announced theorem.
For G a compact Lie group, the following result was proved in [23, Corollary 1.7.16]:
Proposition 3.1. Let K be a compact large subgroup of G, and S a K-space. If S is
a K-ANE, then the twisted product G ×K S is a G-ANE.
Proof. Let Z ∈ G-M, C be a closed G-invariant subset of Z, and f :C → G ×K S
a G-map. It is well-known and easy to check that the preimage f −1(S) is a global K-slice
of C (see, e.g., [23, Corollary 1.7.8]). By Lemma 2.5, there is a K-slice Y in Z such that
Y ∩ C = f −1(S). Consequently, f −1(S) is a closed K-invariant subset of the metrizable
K-space Y . Since S is a K-ANE, there are a K-invariant neighborhood V of f −1(S) in Y ,
and a K-extension f1 :V → S of the K-map f |f −1(S) :f −1(S) → S. Then f1 induces a
G-map F :G(V ) → G ×H S by the rule: F(gv) = gf1(v), where g ∈ G and v ∈ V (see
[16, Chapter I, Proposition 4.3]). Since C = G(f −1(S)) and f −1(S) ⊂ V , we infer that
C ⊂ G(V ). Since V is open in Y , we conclude that G(V ) is open in G(Y), and hence,
in Z. If c ∈ C, then c = gb for some g ∈ G and b ∈ f −1(S), and hence, F(c) = F(gb) =
gf1(b) = gf (b) = f (gb) = f (c). Thus, F extends f , and the proof is complete. 
Lemma 3.2. Let H be a closed normal subgroup of G, and K a compact large subgroup
of G. Then the map f :K/(K ∩ H) → (KH)/H , defined by
f
(
k(K ∩ H))= k(KH) for all k(K ∩ H) ∈ K/(K ∩ H)
is a topological isomorphism, and (KH)/H is a compact large subgroup of G/H .
Proof. It is easy to see that f is a continuous isomorphism. Due to the compactness of K ,
f is closed, and hence, is a homeomorphism. Thus, K/(K ∩ H) is topologically isomor-
phic to the subgroup (KH)/H of G/H , which exactly is the image of K under the natural
homomorphism G → G/H . Clearly, K/(K ∩ H), or equivalently, (KH)/H is compact.
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subgroup of G, there exists a compact normal subgroup N of G such that N ⊂ K and G/N
is a Lie group. Then (NH)/H is a compact normal subgroup of G/H with (NH)/H ⊂
(KH)/H . Check that G/H
(NH)/H
is a Lie group. It is easy to see that the equality
G/H
(NH)/H
= G/N
(NH)/N
of topological groups holds. Since G/N is a Lie group and (NH)/N is its closed normal
subgroup, the quotient group G/N
(NH)/N
is itself a Lie group [21, §4.11]. Thus, G/H
(NH)/H
is
a Lie group, and hence, (KH)/H is a compact large subgroup of G/H . 
The following result is a generalization of Proposition 3.1:
Proposition 3.3. Let H be a closed normal subgroup of G, K a compact large subgroup
of G, and S a K-space. If S is a K-ANE, and all the K ∩ H -orbits in S are metrizable,
then the twisted product G/H ×K S is a G/H -ANE.
Proof. One has the following equality of G/H -spaces
G/H ×K S = G
H
×K/(K∩H) S
K ∩ H . (3.1)
Indeed, the required canonical G/H -homeomorphism
f :G/H ×K S → G
H
×K/(K∩H) S
K ∩ H
is given by the rule: f ([gH, s]) = [gH, s˜], where gH ∈ G/H and s˜ stands for the K ∩H -
orbit of the point s in the K-space S. It is easy to verify that f is the desired G/H -
equivariant homeomorphism.
Next, since the K ∩ H -orbits in S are metrizable, it follows from Theorem 2.7(1) that
S/(K ∩H) is a K/(K ∩H)-ANE. Since K/(K ∩H) is a compact large subgroup of G/H
(see Lemma 3.2), Proposition 3.1 yields that the G/H -space in the right part of (3.1) is
a G/H -ANE. Consequently, G/H ×K S ∈ G/H -ANE. 
Proposition 3.4. Let K be a compact large subgroup of G, and S a K-space. Then the
twisted product G ×K S is a G-ANE provided that G ×K S is a K-ANE.
Proof. Let Z, C, f and Y be as in the proof of Proposition 3.1.
Since G ×K S is a K-ANE, there are a K-invariant neighborhood V of f −1(S) in Y ,
and a K-extension f1 :V → G ×K S of the K-map f |f −1(S) :f −1(S) → G ×H S. Then
f1 induces a G-map F :G(V ) → G ×H S by the rule: F(gv) = gf1(v), where g ∈ G and
v ∈ V (see [16, Chapter I, Proposition 4.3]). As in the proof of Proposition 3.1, G(V ) is
a G-neighborhood of C, and F is the desired G-extension of f . 
Proposition 3.5. Let K be a compact large subgroup of G, and X a G-ANE (respectively,
a G-AE). Then X is a K-ANE (respectively, a K-AE).
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X a K-equivariant map. Then, as in the proof of Proposition 3.4, f induces a G-map
F :G ×K B → X by the rule: F([g,b]) = gf (b), where [g,b] ∈ G ×K B . Since G/K is
metrizable (see Proposition 2.4), according to [7, Proposition 3], G ×K Y is metrizable as
well. Further, G ×K Y is a proper G-space (see [1]), and (G ×K Y)/G = Y/K (see e.g.,
[15, Chapter II, Proposition 3.3]). Since Y is metrizable and K is compact, we infer that
Y/K is metrizable (see [23, Proposition 1.1.12]). Hence, (G ×K Y)/G is also metrizable.
Now, it follows from [11, Lemma] that G ×K Y ∈ G-M.
Clearly, G ×K B is a closed G-invariant subset of the G-space G ×K Y . Since X is
a G-ANE, there exist a G-neighborhood U of G ×K B in G ×K Y and a G-extension
F1 :U → X of F . Evidently, V = U ∩ Y is a K-invariant neighborhood of B in Y , and the
restriction f1 = F1|V is the required K-extension of f .
If, in addition, X is a G-AE, then one can choose U = G ×K Y , which yields that
V = Y . This completes the proof. 
Lemma 3.6. Let G be any topological group, K a closed subgroup of G, and X a G-space.
Then G ×K X is G-homeomorphic to the product G/K × X endowed with the diagonal
G-action.
Proof. It is easy to verify that the desired G-homeomorphism
f :G ×K X → G/K × X
can be defined by the formula: f ([g,x]) = (gK,gx) for every [g,x] ∈ G ×K X. 
Lemma 3.7. Let K be a compact large subgroup of G, and H a closed normal subgroup
of G. Assume that S is a K-space such that the twisted product G ×K S is a G-ANE, and
all the K ∩ H -orbits in G ×K S are metrizable. Then the twisted product G/H ×K S is
a G/H -ANE.
Proof. According to (3.1), we can and do identify G/H ×K S, as a G/H -space, with
G
H
×K/(K∩H) SK∩H . By Lemma 3.2, K/(K ∩ H) is a compact large subgroup of G/H .
Hence, by virtue of Proposition 3.4, it suffices to show that G
H
×K/(K∩H) SK∩H or, equiva-
lently, G/H ×K S is a K/(K ∩ H)-ANE. But K ∩ H acts trivially on G/H ×K S; so the
statement G/H ×K S ∈ K/(K ∩ H)-ANE is equivalent to the statement G/H ×K S ∈ K-
ANE.
Thus, we have to show that G/H ×K S ∈ K-ANE. By Proposition 3.5, the hypothesis
G×K S ∈ G-ANE implies that G ×K S ∈ K-ANE. Next, according to Proposition 3.3, the
statement G ×K S ∈ K-ANE implies that
G/H ×K (G ×K S) ∈ G-ANE. (3.2)
It is easy to see that the following equality of G-spaces holds:
G/H ×K (G ×K S) = G ×K (G/H ×K S). (3.3)
By applying Lemma 3.6 to the G-space X = G/H ×K S, we get the following equality of
G-spaces:
G ×K (G/H ×K S) = G/K × (G/H ×K S), (3.4)
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Now, (3.2)–(3.4) yield that G/K × (G/H ×K S) ∈ G-ANE, which, by Proposition 3.5,
implies that
G/K × (G/H ×K S) ∈ K-ANE.
Since G/H ×K S is a K-retract of G/K × (G/H ×K S) (in general, any K-space T is
an evident K-retract of the product G/K × T endowed with the diagonal action), we infer
that G/H ×K S ∈ K-ANE. This completes the proof. 
Lemma 3.8. Let K be a compact large subgroup of G, and H a closed normal subgroup
of G. Assume that S is a K-space such that G×K S is a G-ANE, and all the K ∩H -orbits
in G ×K S are metrizable. Then the H -orbit space (G ×K S)/H is a G/H -ANE.
Proof. One has the following equality of G/H -spaces:
(G ×K S)/H = G/H ×K S. (3.5)
Indeed, the map that sends the point [g, s]H of (G ×K S)/H to the point [gH, s] of
G/H ×K S is a G/H -homeomorphism, where [g, s]H denotes the H -orbit of [g, s] in
G ×K S (the easy verification is left to the reader).
Now, the result follows from Lemma 3.7 and the equality (3.5). 
Remark 3.9. All the results of this section, except Lemma 3.6, concern G-ANE’s. How-
ever, all of them can be stated also for G-ANE(n)’s, n  0. The proofs, in this case,
coincide exactly with the proofs of the corresponding “G-ANE-results”; the only additional
condition on the dimension of the relevant orbit spaces also holds due to the homeomor-
phism (G ×K Y)/G ∼= Y/K (see [15, Chapter II, Proposition 3.3]) and the monotonicity
of the dimension dim for metrizable spaces. In the sequel we will use the “G-ANE(n)-
version” of Lemma 3.8.
Proof of Theorem 1.1. (1) By Theorem 2.6, X has an open invariant cover {G(Sα)}α∈A,
where each Sα is a Kα-slice with a compact large subgroup Kα ⊂ G. Then the G/H -
space X/H is the union of its open G/H -invariant subsets G(Sα)/H , α ∈A. According
to Theorem 2.8, it suffices to show that each G(Sα)/H is a G/H -ANE.
To this end, we first observe that each G(Sα) is G-homeomorphic to the twisted product
G ×Kα Sα (see Lemma 2.2). Since X ∈ G-ANE, the tubular set G(Sα), being an open
invariant subset of X, is itself a G-ANE. Thus, G ×Kα Sα is a G-ANE.
Each Kα ∩ H -orbit in X is contained in an H -orbit and, hence, is metrizable. Besides,
each Kα is a compact large subgroup of G. Consequently, we can apply Lemma 3.8, ac-
cording to which, (G ×Kα Sα)/H is a G/H -ANE. Hence, G(Sα)/H is a G/H -ANE, as
required.
(2) The same proof applies in this case as well. The only difference is that now one
should use the version of Theorem 2.8 with dimZ  n, and the “G-ANE(n)-version” of
Lemma 3.8 (see Remark 3.9) instead of Lemma 3.8.
The proof of Theorem 1.1 is complete. 
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idently fulfilled when X is metrizable. Besides, if the subgroup H is metrizable, then
each H -orbit H(x), x ∈ X, is also metrizable. This follows from the fact that H(x) is
homeomorphic to the quotient space H/Hx , where Hx = {h ∈ H | hx = x} (see [24, Propo-
sition 1.1.5]). Further, metrizability of H implies the one of H/Hx (see e.g., [21, Chapter I,
§1.23]).
The global or “G-AE” case of Theorem 1.1 is true only under additional restrictions;
namely, we have the following
Theorem 3.11 [7]. Let G be an almost connected group and X ∈ G-AE. Assume that H
is a compact normal subgroup of G such that all the H -orbits in X are metrizable. Then
the H -orbit space X/H is a G/H -AE. If, in addition, X is a proper G-space whose orbit
space X/G is paracompact and all the G-orbits in X are metrizable, then X/G is an AE.
Proof. The first statement is proved in [7, Theorem 3(1)]. To prove the second one, we first
observe that by a result of Abels [1], X admits a global K-slice S, where K is a maximal
compact subgroup of G. Hence, by Lemma 2.2, X = G ×K S. Since X/G = S/K and
X/K = G/K × S/K (see [7, Proposition 2]), we conclude that X/G is a retract of X/K .
Now, since a maximal compact subgroup is a large subgroup (see [7, Remark 4]), and
X ∈ G-AE, Proposition 3.5 yields that X ∈ K-AE. Next, by Theorem 2.7(1), X/K is an
AE, and hence, X/G, being a retract of an AE, is itself an AE. 
Theorem 3.12 [7]. Let G be an almost connected group and X ∈ G-AE(n), n 0. Assume
that H is a compact normal subgroup of G such that all the H -orbits in X are metrizable.
Then the H -orbit space X/H is a G/H -AE(n). If, in addition, X is a proper G-space
whose orbit space X/G is paracompact, and all the G-orbits in X are metrizable, then
X/G is an AE(n).
Proof. The first statement is proved in [7, Theorem 3(2)]. To prove the second one, we
observe that like in the proof of Theorem 3.11, X = G ×K S, where K is a maximal
compact subgroup of G, and S a K-space. This yields that X/G is a retract of X/K . The
“G-AE(n)-version” of Proposition 3.5, implies that X ∈ K-AE(n) (see Remark 3.9). Next,
by Theorem 2.7(2), X/K is an AE(n), and hence, X/G, being a retract of an AE(n), is
itself an AE(n). 
We note that the compactness of H is essential in these theorems. Indeed, let G = R,
the reals, X = R, and H = Z, the integers. Then the translation action is a proper action
of G on X, and by [2, Theorem 4.4], X is a G-AE. However, X/H , being a circle, is not
even an AE(2).
The almost connectedness of G is also essential in the second claims of Theorems 3.11
and 3.12. Namely, if G = Z and X = R, then X ∈ G-M, and by [2, Theorem 4.4], X is
a G-AE. However, the orbit space X/G, being a circle, is not even an AE(2).
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As we mentioned in the introduction, a particular case of Theorem 1.1 for an almost
connected group G and a proper G-space X with paracompact X/G, was first stated in
Theorems 3(3) and 3(4) of [7]. The proofs of these results in [7] are based on the “only if”
part of [7, Proposition 8], whose proof, unfortunately, is incorrect (namely, the map f1 in
that proof, not necessarily sends V into S). This gap makes incomplete also the proofs of
the assertions (5) and (6) of [7, Theorem 3].
Theorem 1.1 of the present paper, not only corrects the proofs of the above mentioned
assertions (3) and (4) of [7, Theorem 3], but also generalizes them essentially: namely,
here we do not assume either almost connectedness of G or paracompactness of X/G.
The second part of Theorem 3.11 just gives a corrected proof of the assertion (5) of [7,
Theorem 3]. The second part of Theorem 3.12 just gives a corrected proof of the assertion
(6) of [7, Theorem 3].
Since the “only if” part of [7, Proposition 8] is of an independent interest, below we
give a correct proof of it under an additional assumption that the acting group G is a Lie
group (the general case still remains open).
Proposition 4.1. Let G be a Lie group, K a compact subgroup of G, and S a K-space.
Then S is a neighborhood K-retract of the twisted product G ×K S.
Proof. Consider the following continuous action of the group Γ = K ×K on the space G:
(k1, k2) ∗ x = k1xk−12 for all (k1, k2) ∈ Γ and x ∈ G.
Clearly, K is a Γ -invariant subset of the Γ -space G, and this action on K is transitive.
Hence, K is Γ -homeomorphic to Γ/Γe , where Γe = {(k, k) | k ∈ K} is the stabilizer of the
unity e ∈ K . Since Γ is a compact Lie group, Γ/Γe is a Γ -ANE (see [23, Corollary 1.6.7]),
and hence, K is a Γ -ANE. This yields the existence of a Γ -equivariant retraction r :U →
K , where U is a Γ -invariant neighborhood of K in the Γ -space G. Then U ×K S is a
K-invariant neighborhood of the set S in G ×K S (recall that we identify S, as a K-space,
with the K-invariant subset {[e, s] | s ∈ S} of G ×K S).
Define R :U ×K S → S by putting R([u, s]) = r(u)s. Then R is well defined. In-
deed, since r(u) ∈ K and S is K-invariant, we see that r(u)s ∈ S. If k ∈ K , then
R([uk−1, ks]) = r(uk−1)ks and, since r is Γ -equivariant, r(uk−1) = r(u)k−1. Conse-
quently, R([uk−1, ks]) = r(u)k−1ks = r(u)s = R([u, s]). Continuity of R follows from
the one of the map U × S → S sending (u, s) to r(u)s, and from the openness of the
K-orbit map U × S → U ×K S. Moreover, R is K-equivariant. In fact, for any k ∈ K ,
one has R(k[u, s]) = R([ku, s]) = r(ku)s. Again, the Γ -equivariance of r implies that
r(ku) = kr(u), and hence, R([ku, s]) = kr(u)s = kR([u, s]). Finally, R is a retraction
on S. Indeed, R([e, s]) = r(e)s = es = s for every s ∈ S. 
The following is just the promised “only if” part of [7, Proposition 8] for Lie group
actions:
Proposition 4.2. Let G be a Lie group, K a compact subgroup of G, and S a K-space.
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(2) If the twisted product G ×K S is a G-ANE(n), n 0, then S is a K-ANE(n).
Proof. (1) The hypothesis G ×K S ∈ G-ANE yields that G ×K S ∈ K-ANE (see Propo-
sition 3.5). By Proposition 4.1, S is a neighborhood K-retract of G ×K S, and the result
follows.
The proof of (2) is similar; just use the “G-ANE(n)-version” of Proposition 3.5 (see
Remark 3.9) instead of Proposition 3.5. 
Remark 4.3. For G a compact Lie group, Proposition 4.2(1) coincides with the necessity
part of [22, Proposition 8.5]. However, the proof in [22] is incorrect; namely, the map
r ×H IdX used in the proof of [22, Proposition 8.5] is not a well defined H -retraction. For
other mistakes in the paper [22] and some relevant corrections we refer the reader to [3].
We conclude the paper with the following open questions:
Question 4.4. Is Proposition 4.1 true for arbitrary locally compact group G and a compact
large subgroup K of G?
Question 4.5. Is Proposition 4.2 true for arbitrary locally compact group G and a compact
large subgroup K of G?
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